Derivation of —1 < p(s,t) < 1 from definition of covariance

Given covariance is,

v(s,6) = y(xgx,.) = E[(xs — ps) (X — 1)]

and,
}/(S: S) = V(xsrxs) = E[(xs - #s)z] = Var(s)
and,
_ (v6.0)
D) = 6D
show,

—-1<p(s,t)<1
Deal with (y(s, t))zfirst,

(r(s,0)" = (ElCry = ), — p)D? = (ElCrx, — pox, — X + pst)])?
= (E[xsxe] — peE[xe] — peE[x] + popte)® = (E[xsx,] — pobe — Hebhs + Bsthe)?
= (Elxsx] — ps)?
= (ElxsxD? — 2E[xox Juspty + ps?pi?
Deal with y (s, s)y(t, t) next,
Y(s, 9yt t) = E[(xs — u)?1E[(x, — pue)?] = E[Cxs® — 25, + pE[(r® — 2uex, + 2]
= Elx,? = 2ux + uP1E I = 2mx, + 1] = (Elx?] = 2 [x,] + ") (Bl 2] = 20 Ex] + 1,
= (Elx?] - 21 + p*) (Elx 2] = 20 + 1" ) = (Elx,?] - ) (Elx2] - 1?)
= Elx21E[x.*] — Elx 1 — Elx*lus® + pgu’

Next substitute results into p(s, t),

(E[szt])z - ZE[xsxt]”s“t + “szutz
Elx?1E[x.*] — Elxs?1u® — Elx*lus® + ps®n®

p(s,t) =

When the variables are uncorrelated, the numerator becomes,
(Elxsxe])? = 2E[xsxelpshte + is® e = (E[x1E [x,])? — 2E [x]E [ Ipste + ps® e
= (Ushe)® = 2Ushepisty + pPp = pg®ue® = 2u2 0% + p®u =0
~p(s,t) =0
When variables are perfectly correlated, x, = ax,, where, a, is a constant such that, u, = E[x.] = E[ax,] = aE[x,] = ays, then

(E[szt])z B ZE[xsxt]”s“t + “szﬂtz (E[xsaxs])z - ZE[xsaxs]”saﬂs + :uszazllsz

1) = =
pist) E[x2]E[x,2] — E[xs2]u? — Ex,2lus? + pu2u?  E[x2]E[a?x,2] — E[x,2]a?us? — E[a?x2]us? + us2a?pug?

_ (aE[xsz])z — ZaE[xsZ]ausz + .uszazﬂsz _ a? (E[xsz])z — ZazE[xsz]Msz + #szazﬂsz
- azE[xsz]E[xSZ] — E[st]azllsz — E[azxsz]usz + ug2a?ug? - az(E[xsz])z — azE[sz]”sz — azE[sz]Hsz + ug2a?ug?

_ aZ(E[xsz])z - ZazE[xsz]“sz + Mszazﬂsz _
T a?(E[x2)? - 2a%E[x,?)u? + ptatu?

ap(st) =1



