
Derivation	of	−𝟏 ≤ 𝛒 𝐬, 𝐭 ≤ 𝟏	from	definition	of	covariance	

Given	covariance	is,	

𝛾 𝑠, 𝑡 =  𝛾 𝑥! , 𝑥! = 𝐸[ 𝑥! − 𝜇! (𝑥! − 𝜇!)]	

and,	

𝛾 𝑠, 𝑠 =  𝛾 𝑥! , 𝑥! = 𝐸 𝑥! − 𝜇! ! = 𝑉𝑎𝑟(𝑠)	

and,	

𝜌 𝑠, 𝑡 =
𝛾 𝑠, 𝑡

!

𝛾 𝑠, 𝑠 𝛾 𝑡, 𝑡 	

show	,	

−1 ≤ 𝜌 𝑠, 𝑡 ≤ 1	

Deal	with	 𝛾 𝑠, 𝑡 !
first,	

𝛾 𝑠, 𝑡 ! = 𝐸 𝑥! − 𝜇! 𝑥! − 𝜇! ! = 𝐸 𝑥!𝑥! − 𝜇!𝑥! − 𝜇!𝑥! + 𝜇!𝜇! !	

= 𝐸[𝑥!𝑥!] − 𝜇!𝐸[𝑥!] − 𝜇!𝐸[𝑥!] + 𝜇!𝜇! ! = 𝐸[𝑥!𝑥!] − 𝜇!𝜇! − 𝜇!𝜇! + 𝜇!𝜇! !	

= 𝐸[𝑥!𝑥!] − 𝜇!𝜇! !	

= 𝐸[𝑥!𝑥!] ! − 2𝐸[𝑥!𝑥!]𝜇!𝜇! + 𝜇!!𝜇!!	

Deal	with	𝛾 𝑠, 𝑠 𝛾 𝑡, 𝑡 	next,	

𝛾 𝑠, 𝑠 𝛾 𝑡, 𝑡 =  𝐸 𝑥! − 𝜇! ! 𝐸 𝑥! − 𝜇! ! = 𝐸 𝑥!! − 2𝜇!𝑥! + 𝜇!! 𝐸 𝑥!! − 2𝜇!𝑥! + 𝜇!!  	

= 𝐸 𝑥!! − 2𝜇!𝑥! + 𝜇!! 𝐸 𝑥!! − 2𝜇!𝑥! + 𝜇!! = 𝐸 𝑥!! − 2𝜇!𝐸 𝑥! + 𝜇!
! 𝐸 𝑥!! − 2𝜇!𝐸 𝑥! + 𝜇!

! 	

= 𝐸 𝑥!! − 2𝜇!! + 𝜇!
! 𝐸 𝑥!! − 2𝜇!! + 𝜇!

! = 𝐸 𝑥!! − 𝜇!! 𝐸 𝑥!! − 𝜇!! 	

= 𝐸 𝑥!! 𝐸 𝑥!! − 𝐸 𝑥!! 𝜇!! − 𝐸 𝑥!! 𝜇!! + 𝜇!!𝜇!!	

Next	substitute	results	into	𝜌 𝑠, 𝑡 ,	

𝜌 𝑠, 𝑡 =
𝐸[𝑥!𝑥!] ! − 2𝐸[𝑥!𝑥!]𝜇!𝜇! + 𝜇!!𝜇!!

𝐸 𝑥!! 𝐸 𝑥!! − 𝐸 𝑥!! 𝜇!! − 𝐸 𝑥!! 𝜇!! + 𝜇!!𝜇!!
	

When	the	variables	are	uncorrelated,	the	numerator	becomes,	

𝐸[𝑥!𝑥!] ! − 2𝐸[𝑥!𝑥!]𝜇!𝜇! + 𝜇!!𝜇!! = 𝐸[𝑥!]𝐸[𝑥!] ! − 2𝐸[𝑥!]𝐸[𝑥!]𝜇!𝜇! + 𝜇!!𝜇!!	

= 𝜇!𝜇! ! − 2𝜇!𝜇!𝜇!𝜇! + 𝜇!!𝜇!! = 𝜇!!𝜇!! − 2𝜇!!𝜇!! + 𝜇!!𝜇!! = 0	

∴ 𝜌 𝑠, 𝑡 = 0	

When	variables	are	perfectly	correlated,	𝑥! = 𝑎𝑥!,	where,	𝑎,	is	a	constant	such	that,	𝜇! = 𝐸 𝑥! = 𝐸 𝑎𝑥! = 𝑎𝐸 𝑥! = 𝑎𝜇!,	then	

𝜌 𝑠, 𝑡 =
𝐸[𝑥!𝑥!] ! − 2𝐸[𝑥!𝑥!]𝜇!𝜇! + 𝜇!!𝜇!!

𝐸 𝑥!! 𝐸 𝑥!! − 𝐸 𝑥!! 𝜇!! − 𝐸 𝑥!! 𝜇!! + 𝜇!!𝜇!!
=

𝐸[𝑥!𝑎𝑥!] ! − 2𝐸[𝑥!𝑎𝑥!]𝜇!𝑎𝜇! + 𝜇!!𝑎!𝜇!!

𝐸 𝑥!! 𝐸 𝑎!𝑥!! − 𝐸 𝑥!! 𝑎!𝜇!! − 𝐸 𝑎!𝑥!! 𝜇!! + 𝜇!!𝑎!𝜇!!
	

=
𝑎𝐸[𝑥!!] ! − 2𝑎𝐸[𝑥!!]𝑎𝜇!! + 𝜇!!𝑎!𝜇!!

𝑎!𝐸 𝑥!! 𝐸 𝑥!! − 𝐸 𝑥!! 𝑎!𝜇!! − 𝐸 𝑎!𝑥!! 𝜇!! + 𝜇!!𝑎!𝜇!!
=

𝑎! 𝐸[𝑥!!] ! − 2𝑎!𝐸[𝑥!!]𝜇!! + 𝜇!!𝑎!𝜇!!

𝑎! 𝐸[𝑥!!] ! − 𝑎!𝐸 𝑥!! 𝜇!! − 𝑎!𝐸 𝑥!! 𝜇!! + 𝜇!!𝑎!𝜇!!
	

=
𝑎! 𝐸[𝑥!!] ! − 2𝑎!𝐸[𝑥!!]𝜇!! + 𝜇!!𝑎!𝜇!!

𝑎! 𝐸[𝑥!!] ! − 2𝑎!𝐸 𝑥!! 𝜇!! + 𝜇!!𝑎!𝜇!!
= 1	

∴ 𝜌 𝑠, 𝑡 = 1	


